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ABSTRACT
|q88°

The results of an investigation of the threshold phenomenon in
™ demodulators and techniques for reducing this threshold are described
in this paper.

In the initial phase of the investigation, the multitude of litera-
ture on this subject was reviewed., A complete list of the pertinent
literature is included in the bibliography. A thorough mathematical
analysis is presented of the stochastic processes involved in the demodula-
tion of a signal in the presence of band-limited white noise. This
analysis results in the derivation of an expression for the signal-to-
noise ratio transfer characteristic of a conventional FM demodulator.
From this expression, it is obvious that the FM threshold is a function
only of the demodulator input signal-to-noise ratio and is independent
of the modulation conditions, It is concluded from this that to reduce
the threshold, it is necessary to use a form of predetection filtering
which can reduce the signal-to-noise ratio at the frequency discriminator
input.

Two controversial threshold reduction techniques, the Phase-Locked-
Loop (PLL) and the Frequency-Compressive-Feedback-Loop (FCFL) demodulators
are discussed and the theory of their operation outlined. A third
technique, the Frequency-Tracked-Filter is proposed and a limited inves-
tigation of its feasibility presented.

The threshold reduction capatilities of the FCFL demodulator are
evaluated from an experimental model. The results of this experimental
evaluation lead to the conclusion that, while the idealized FCFL demodu-
lator appears to offer excellent threshold reduction possibilities,
several physical limitations severely restrict its capabilities. These
restricting factors include a relatively low upper limit on the amount
of feedback that may be applied and still maintain a stable system, and
the expansion of the noise bandwidth inside the loop which is typical
of all negative feedback systems. The PLL and Frequency-Tracked-Filter
demodulators appear to have a number of practical advantages over the
FCFL demodulator. They are not as susceptible to loop delays and their
control loops are not in the signal path.
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1.0 INTRODUCTION

1.1 History and Backesround

With the advent of space probes came an increased need for light
weight, lov npover, long range telemetry systems. Exponentional modulation
schemes, such as large index FM and PM, have some features vwhich place
them high on the list of candidates. Although they require rather complex
systems, they are, in general,very efficient in terms of power. At the
expense of added RF bandwidth, these techniques can yield a considerable
increase in baseband signal-to-noise ratio at the receiver output over that
obtainable from AM, SSB, and similar schemes using the same transmitter
powver. This increased baseband signal-to-noise ratio can be exchanged for
increased range or a lower power and lighter weight transmitter which would
thus reduce power supply requirements.

The baseband signal-to-noise ratio improvement is obtained at the
demodulator. That is, the baseband signal-to-noise power ratio, SNRbb,
is actually higher than the IF signal-to-noise power ratio, SNRIF. If
SNRbb and SNRIF are expressed in decibels, SNRbb varies linearly with
SNRIF for large SNRIF. As SNRIF is decreased, however, a point is encountered
at which the linear relationship ceases to hold and SNRbb begins to decrease
much more rapidly than SNRIF’ If the baseband signal is an audio signal,
this point, called the threshold, is characterized by very sharp cracking
sounds, sometimes called clicks, in the output. As SNRIF is decreased
further below the threshold, the clicl:s diminish and the output becomes the
much more gentle white noise. The definition of exactly vhere the threshold
occurs varies drastically from author to author. Some define it as the
point where some particular number of cliclis per second are heard and
others as some particular deviation from linearity. For convenience, it
will be defined here as the point where the deviation from linearity is ten
percent.

In many instances, the minimum acceptable SNRbb i8 less than that at
which the threshold occurs. Under these conditions, a demodulation technique
vhich exhibits a lower threshold than a conventional FM demodulator would
permit ugseful gperetion gl a lower SNRIF'



1.2

1.3

Two of the most successful techniques known to date for the reduction
of the threshold are the phase-locked loop (FLL) and the frequency com-
pressive feedback loop (FCFL).

The concept of a phase locked loop is not new and has been applied
to several different systems problems. As applied to FM demodulation,
phase locked loops have been analyzed and tested fairly extensively, but
much remains to be done both analytically and experimentally. Many authors
disagree on several points in the analysis. Experimental models have thres-
holds much higher than predicted wathematically.

The frequency compressive feedback loop was first introduced in com-
panion papers by Chaffee ]_—_5:[ and Carson Ehj in July, 1939. There has
since been several papers written on the FCFL and a few receivers built
using this concept, including one for Project Echo. As with the PLL,
much disagreement still remains over the theory of the FCFL and thus,
much work)both analytic and experimental, remains to be done.

Contract Objectives

The object of this program is to carefully investigate the threshold
phencmenon in M demodulators. Then, through a thorough examination of
the region immediately above and below the threshold point, to report on
the feasibility of producing a practical demodulator whose threshold
point is lower than the presently known threshold. Also, if it is feasible,
to design and build a "breadboard" model of such a demodulator which will
exhibit the desired threshold improvement.

Work Summary

The project was started with an extensive literature search on FM
demodulation techniques with emphasis on threshold reduction. The more
pertinent articles were then carefully evaluated (second monthly report).

In addition the the facts pointed out in Section 1.1, the following
became evident from the literature search:



1) Those authors who have compared PLL and FCFL indicate that
PLL is better for low index systems and FCFL is better for
high index systems.

2) The mathematical analysis of M demodulators at and below
the threshold region is extremely difficult and frequently
claimed to be unsolved.

3) Considerable disagreement exists between authors in the
SNRbb vS. SNRIF and the location of the threshold of not
only PLL and FCFL but also conventional ™ demodulators in
the region above the threshold.

4) Very few experimental tests have been published concerning
FCFL demodulators.

Since the FCFL demodulator requires a conventional FM detector within
its loop, it is necessary to have a coherent analysis of the conventional
FM demodulator before the FCFL demodulator can be analyzed. Since no
suitable analysis of the conventional FM demodulator could be found in
the literature, the project's next task, a lengthy and unexpected one,
was to develop such an analysis. The results of this analysis are presented
in Section 2.1.

In the early phases of the project, N.A.S.A indicated that they were
primarily interested in high modulation index systems. Since the existing
literature indicated that FCFL demodulators were superior to PLL demodu-
lators under these conditions, it was decided to center the analysis about
the FCFL demodulator. This analysis is presented in Section 2.2.

Section 2.3 gives a very brief description of PLL demodulators.

A third technique, that of a tracking filter between the IF output
and the demodulator input, was proposed. This technique, described in
Section 2.4, is probably not new. However, until recently, with the
introduction of voltage variable capacitors and current variable inductors,
was not feasible because no means existed for tuning the filter even at a
rate near that of the frequency variation of an M signal carrying audio
information. A very brief analysis was conducted and two very crude bread-
board models, one tube and one solid state, were constructed. Although



initial tests indicated that this approach to threshold reduction shows
promise, lack of time and finances made it essential to defer further
analysis and experimentation.

Since very little experimental research had been done with FCFL demodu-
lators, it was deemed useful to design and construct a breadboard model of
such a demodulator, The experimental results obtained from this model are
discussed in Section 3.



2.0 ANALYSIS OF DEMODULATION TECHNIQUES

2.1 Conventional M Demodulstor

2.1.1 Introduction to the Conventional FM Demodulator

2.1.2

Conventional FM demodulators include such types as the ratio
detector, the Foster-Seely discriminator, balanced discriminator, and
the gated-beam discriminator. They consist of an amplitude insensi-
tive device whose output is proportional to the time derivative of
the phase of the IF signal. This section gives a brief and hopefully
coherent analysis of the demodulation process. Symbols for the
variables and constants have been selected so as to remain as con-
sistent as possible with the current literature.

It will be assumed that the reader is familiar with the basics
of ™M modulation and communication theory and has some understanding

of the fundamentals of statistics and integral calculus,

Derivations on Conventional FM Demodulators

Let u(t) be any baseband information function of bandwidth B, ¢
A noise-free FM signal carrying this information signal can be repre-

sented mathematically as:

Ecostct+ch fu(t) dt]

e(t)

Ecos [ wt+V (t) ]

where:

A(nc is the deviation in radians.

The information is thus proportional to the time varying portion of

the time derivative of the phase of e(t). Let mIF be the IF band-

width required to pass, relatively undistorted, the signal,e(t).



If vhite noise is assumed to be present at the receiver input,
its bandwidth will be limited to BWiF by IF filtering. Since,
generally, BW’IF <<¢»c, the IF noise will be narrow-band gaussian
and thus can be represented by the narrow-band random process

described by:

n(t) = V(t) cos [ w,b + b (t) ] (2)

where V(t) is Rayleigh distributed and $(t) is uniformly distributed
from O to 2n., The statistical properties of n(t) are discussed in
Appendix I.

In most of the derivations to follow, the argument, t3Y, will
be dropped. Keep in mind that E is not a function of time but is an
amplitude constant.

The signal at the IF output or the demodulator input will con-

sist of the desired FM signal and an additive noise,
erp = e(t) + n(t) (3)
In Appendix II, it is shown that this may be expressed as:
1/2 X
_ 2 2 -1 q
erp = [(E + Xé) + Xq ] cos [wIFt + 1y - tan zir:—izy ] (4)

and the demodulator output as:

X X XX
__(_1. (l + -.c. ) - qzc



where

V cos (¥ - 0)

ON
]

(6)

b
it

Vsin (v - )

The first term of Eq. (5) is the desired baseband information signal
and the second term is the baseband noise.
In Appendix III, the mean square value of the baseband noise

term is shown to be:

|

e 2
— X 2 L
2 q 20 8o
n = E2 (1+ ——E2 + "TE + ene ) (7)

where 02 is the variance of the noise and is equal to the input
noise power normalized to one ohm.

The peak input signal, E, is equal to J2 Erms' Thus, E2 is
equal to twice the input signal power normalize to one ohm.,

Hence:
-‘-’E'Z—= T ®)
and:
___ v 2
2 = ;?2 (1 + Eﬁ%;; + (SNR:F)2 + e ) (9)

It is shown in Appendix IV that:

2 3
] o Sn (B, )

X = 0 (10)
q 3(BWIF) .



Substituting Eq. (10) into Eq. (9) gives:

2 3 2
3 8" (BW,)” o

n° = (1 + + ) (11)
SNR 2
3(Biy ) B2 IF (s )
Assume :
Vo= M sinwt (12)
where:
ch
M, = — is the modulation index. (13)
m
Then:
v = Aw_ cos w b (1k)
and:
2n 2
—— w W Aw
2 _ m 2 2 - c
v = 211[ Aw" cos” wtdt = —35— (15)
. . 2 2 2
Substituting Eqs. 8, 11, 13, 15, and 4x“ (BW b) = w ° into:
Yy
2
= S
Wy, =
n
and simplifying gives the baseband signal-to-noise ratio as:
(16)
BW.
3.2 IF [ ]
SNR = =M SN —
w = 2% e w_ 1+ 1 3 i

ST + ( SNRIF)z
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From this expression, it is apparent that the SNRbb is a linear
function of SNRIF until the bracketed term becomes significant,
The threshold will be defined as that point where the contribu-

tions from the bracketed term causes SNRbb to deviate by 10% from

the straight line relation. We may assume this occurs approximately

when Eﬁ%;' = %6. The threshold can then be said to occur at
| F

SNRrp = 10 (or 10 db).

For very high modulation indexes (Mf >5):

- /
Bipn = 2(ch/2n)
BW,, = (wm/2ﬂ)

and thus:

SRy, ~ 3 M SNRIF( 1 - 5 >(17)

1+ + 2 + e .

IF SNRIF

For very low modulation indexes (Mf < 46):

]

17 2(wm/2ﬁ)

L

B, , (wm/2ﬂ)

and thus:

SRy, = 3,7 smn‘( N = 5 ) (18)

1
+ SNRIF + + eee 7o

2.1.3 Discussion of Conventional FM Demodulators

Hv

F

The signal~to-noise transfer characteristics of a conventional
FM demodulator are given by Eqs. (17) and (18) and are plotted in
Figure 1.



- 10 -

Note that the threshold occurs at 10 db regardless of the modulation
index. At first glance, this would seem to imply that SNR,, could be

ed indefinitely merely by increasing Mf. However, if Mf is increased,

the IF bandwidth must be

increas

d to accomodate the signal. This will

increase

the noise bandwidth and thus decrease SNRIF for the same signal

power. An excessive increase in M.f will cause SNRIF to fall below the

threshold.

increase

(DB)

SNR

Signal-to-Noise Transfer Characteristic

Figure 1.

of a Conventional FM Demodulator.
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For M. = 1/V3 ~ .6 and SRy > 10, Eq. (18) gives SNR = SNRpp.
This point (i.e., Mf = 1./43) is defined as the line between narrow-
band FM(NBFM) and wideband FM(WBFRM).

2.1.4 Approaches to the Improvement of M Demodulation

In the case of linear modulation techniques such as AM and SSB,
where a linear relationship exists between the high and low frequencies
of the message or baseband signal and the RF or IF signal, if adequate
RF or IF filtering is provided, additional baseband filtering after
demodulation will not improve the SNRbb‘ This is not the case, how-
ever, for a non-linear or bandwidth expanding modulation technique
such as FM. In this case, the RF signal bandwidth may be many times
that of the baseband and no such linear correspondence exists between
the frequency components of the baseband and the RF signal. For
WBFM, if the IF bandwidth is made as narrow as possible while still
passing all those RF components necessary to faithfully reproduce
the baseband signal, there will still exist noise components on the
IF signal vhich yield frequency components at baseband which can
extend well above the highest desired baseband frequency. No amount
of fixed predetection filtering can remove these noise components.
After detection, the noise component above the highest information
signal frequency can be removed by good lowpass filtering and thus,
the improvement of SNRbb over SNRIF. This belated filtering makes
it necessary to operate the demodulator at an SNRIF much greater
than SNRbb. Above the threshold, nothing is lost by this process
since SNRIF and SNRbb are linearly related.

It was proven in Section 2.1.2 that the threshold occurred
at a specific SNRp (SNRIF = 10 db). Obviously, if some technique
could be devised for removing from the IF signal, that noise which
yields baseband frequencies greater than the information signal,
prior to detection, SNRIF could be s.ostantially increased and the
threshold thus reduced.
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: :

Reduced

N\
\\\ Original

Threshold

SNRIF

/

Figure 2. Threshold Reduction Due to Predection Filtering

Figure 2 demonstrates the advantage of this predetection fil-
tering over postdetection filtering., Let point "a" represent the
minimum acceptable SNRbb. Predetection filtering then permits
operation at an SNRIF as low as point "b." On the other hand,
postdetection filtering may not be used with an SNRIF any lower
than point "c."

As pointed out above, the predetection filtering cannot be
done with a standard bandpass filter since the high frequencies
in the baseband do not necessarily correspond to the frequencies
near either of the band edges of the IF signal as in AM and SSB.

An FM signal can be visualized as a single spectral component
moving about within a bandwidth of 2 A.wc. Since the baseband sig-
nal is the time derivative of this frequency change, the rate of
change of frequency is equal to the baseband frequency. The maxi-
mum rate of change of frequency desired in the IF signal is thus
given by the maximum frequency of the information signal. However,
when random noise has been added to the RF signsl, variations of
higher frequency will be present. These rapid variations yield
the high frequency components in the baseband signal.



| T

Three techniques for the reduction of these high frequency
\ variations will be presented here, These are the frequency compressive
feedback loop, the phase locked loop, and the tracking filter.

2.2 Frequency Compressive Feedback Loop (FCFL)

|
]
!

2.2.1 Introduction to the FCFL Demodulator

The frequency compressive feedback loop demodulator is the most
sophisticated of the three systems to be discussed here, This
approach relies upon feedback from the processed FM signal to com-
préss a WBPM signal to a NBPM signal (M.=~1/ J3). Figure 3 shows
a block diagram of an FCFL demodulator.

‘ bandpass frequency lowpass
nmixer filter discriminator filter

— R e

s/ .

Figure 3., Block Diagram of an FCFL Demodulator

The VCO (voltage controlled oscillator) is adjusted so that it will
be modulated by the baseband signal at a modulation index just
slightly less than the modulation index of the IF signal. When

the output of the VCO is mixed with the IF signal and the difference
frequency retained, the input to the detector will be an FM signal
with a modulation index equal to the difference of the modulation
indexes of the IF signal and the VCO output. This signal is then
detected to give the baseband signal.
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Perhaps the simplest nonrigorous qualitative explanation of
the operation of the idealized FCFL demodulator is in terms of the
frequency spectrum. Assume the IF signal has been modulated by the
highest frequency of information signal. Since this gives a WBFM
signal, its spectral density function will be similar to Figure la.
As pointed out in section 2.1.4, the high frequencies at baseband
corresponded to the more rapid frequency changes in the IF signal.
Conversely, the low frequencies at baseband correspond to the
slower frequency changes in the IF signal: Since the IF bandwidth
is limited to BW.

Ir’
above the highest information signal frequency must have corres-

the baseband noise spectral components which lie

ponding IF signal components as illustrated in Figure hb, of lower
modulation index than the information signal, in order to have been
passed by the IF filter. The low frequency spectrsl noise components
may correspond to the spectral density functions given by Figures lc
or ka.

Assume that a baseband signal is available which contains only
the information signal and noise of frequencies less than or equal
to the highest frequency in the information signal. If this sig-
nal is used to modulate the VCO, the VCO output will contain spectral
components similar to those given in Figures le through Lh.

The modulation index of this signal has been chosen to be slightly
less than that of the IF signal. If these two signals are then mixed
and the difference frequencies retained, the mixer output will con-
tain the spectral components shown in Figures 4i through 41.

Note that the spectral components corresponding to the informa-
tion signal and to the low frequency baseband noise have been com-
pressed to a bandwidth of twice the highest frequency of the infor-
mation signal, 2 fm. However, the components corresponding to the
high baseband frequencies were not compressed. The mixer output
can now be limited to a bandwidth of 2 fm without deteriorating the
information signal. This gives a detector input containing the com-
ponents shown in Figures Ym through Up. The detector output will
thus be the required baseband sighal containing no noise components
higher than fm.
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The FCFL demodulator is thus a predetection filtering tech-
nique and, as pointed out in section 2.1.4, should provide a reduc-
tion in the FM threshold.

2.2.,2 Derivations on the FCFL Demodulator

The reduction in modulation index initiated by the FCFL demodu-
lator can readily be shown by the following elementary aﬁalysis.

From Eq. (4): (19)

[ (E + xc(t) )2 + xq?(t) ] 12 cos [ wrpt + Mp(t) - tan™t §-§§;E%57 ]

where:
Mp(t) = y(t)
Assume:

osc osc

e = E cos [ Wt + KfM¢(t) -oft) + 6 ] (20)

If the difference frequency only is retained at the mixer output:

1/2
ey = E . [ (E + Xc(t) )2 + an(t) ] cos [ (wIF - uo)t + (1 - Kf)M¢(t)

X (t)

+ a(t) - tan™t Ef;gi—rgy - 90 ] (21)

-

The detector output is thus:

[}

X (t)
e, = K, [ (1 - k) Mpr(t) + a'(s) - -(% [tan’l E—;gm J ] (22)

where Kd volts per cycle is the sensitivity of the detector.
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If this signal is used to modulate a VCO of sensitivity Kv cycles
per volt, the VCO output is given by:

(23)
X (t)

-1
ose = Boge ©OS [ Wt + KX, (1 - Kf) Mp(t) + ot) - tan ﬁ-:gi;(ET + 0 ]

Equating Eqs. (20) and (23) gives:

KMp(e) = KKy (1 - K) Mi(t) (24)
4 X (t)
oft) = K X3 [ a(t) - tan ir:gi—rgy ] (25)
This gives:
K.K
Kp = T:(if{d_K; (26)
and:
K.K X (t)
o) - | = | =7 (1)
Thus:

L =B [(E+X(t)) +X (t)]1 (wIF-w)t +(i—;——1{?{-—)¢(t)

} X (t)
(1"‘:—%11(_‘,) tan 1 _E_-_*._qw -9 ] (28)



KM K X (t)
e - Er & [ ] (29)
Te) 1+ Kde 1+ Kde dt E + XE t

The reduced modulation index, M/(1 + dev), can readily be seen in
Eq. (28).

From the qualitative description of the FCFL demodulator pre-
sented above, it would seem that the lowpass fllter is of no use.
The predetection filtering, given by the compression of the devia-
tion and the IF bandpass filtering, would seem to be capable of
removing any noise vwhich the lowpass, postdetection, filter could
remove. This would be the case if it were not for the bandwidth

expansion inherent in any system using negative feedback.

gain ————————dip-
o

frequency ——————3~
Figure 5. Bandwidth Expansion Caused by Negative Feedback

That is, a system having an open loop bandwidth given by curve 1 in
Figure 5 would have a closed bandwidth similar to that given by
curve 2. Thus, if the signal at the output of the mixer deviates
only as far as the cutoff points of the bandpass filter, the noise
bandwidth will be much wider than the signal bandwidth. The low
pass filter may be used to alter this noise bandwidth. The effects
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of the lowpass filter may be demonstrated quantitatively with the
aid of a baseband analog of the FCFL demodulator. Such a model is
shown in Figure 6.

Low Pass Differen- Low Pass
mixer i tiator Filter
¢in o T ?QJ La. -]
m
in : | ‘l, K I
| %:i ENEY B (f)
v F
Integrator

Figure 6. Baseband Analog of an FCFL Demodulator

where:
H H
2
Hy(f) = —— B (f) = - (30)
1+ ) T 1+ o
b b
fb = 3 db frequency of the lowpass filter
2kfb = 3 db bandwidth of bandpass filter,
Let A = HﬁKdand B= HrKv.
Then:
b 1
= (31)

¥in T T+ KK H(EI(T)
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and:

q>osc KdeHB(f)HL(f)

Vin | TFEEEIDETT (32)
and :

%4 Hy(£)

0n I+ KX EJDE(D) . (33)

The compressed modulation index can again be seen from Eq. (31).

Substituting Eq. (30) into Egs. (32) and (33) and normalizing to
unity at £ = O for ease of comparison yields:

q>osc 14+ AB
<ﬁ>o = (34)
i fnom [(1+Aﬁ)-%(-§g)2]+3(1+§)§;

(1 + ap) (l+Jffg)

(%)mm - (35)

(avm -2 ] b L

Plots of the magnitudes and phases of these two functions for various
values of k and AB (KdKQ when normalized) are given in Appendix V.
The noise bandwidth expansion pointed out in Figure 5 can readily

be seen in these plots. If the noise spectral density is assumed

to be uniformly distributed,the noise power will be proportional

tc the area under the magnitude squared curve.
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This area can be calculated from Eq. (34):

(-

(1 + AB)Qkab

£
> (fi' >E+ [(l + 1% - 2x(1 + AB)] (-ff; >2 + (1 + 28)3%2 d<fb>

b

(1 + AB) knf
1 +k

b

(1 + AB) =f N
= — <1+Ji/2c)_ (36)

and from Eq. (35):
Y 2,2 £)°
' (1 + AB)T%°F [ 1+ (E,-t-;) ]

‘B (‘ff"‘b>h+ I:(l £ %) - 2x(1 + AB)] (%)2 + (1 + AB)A°

-0

(&)

(1 +48) kat, ['2+%(1+4p)]
l+k

(37)

2 * 1% 2C

(1 + AB) 5 PN (1 8 )

where:

£y = e

s
i

if IF filter bandwidth .



Let:
(1 + AB) fip
F(4B, £,.) = S (38)
Then Eq. (36) gives:
~ 2
N, = & Pose af = F(AB, £.,) ( 1 ) (39)
1 \ ¢in B A 1+ 172 C
!
and Eq. (37) gives:
r ¢d 2 AB
N, = - af = F(4p, £3.) (1 +55) (ko)

Figure 7 shows a rough plot of these two functions as C is varied.

(1+AB) F(AB/E, )N
éggui)FowxgﬁJ ‘ \\\\\‘
\\
F(48,T, ) oo — ——y
//,’/”’dffifﬁz’

(WR)P(a8,2, ) / =
o |;
0 1/2 ¢ ®

Figure 7.

The Effect of the Lowpass Filter Upon the Noise Bandwidth
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2.2.3 Discussion of the FCFL Demodulator

C is the ratio of the lowpass filter bandwidth to the bandpass
filter bandwidth. Thus, an infinite C corresponds to the removal
of the lowpass filter. From Figure 7, it is apparent that the noise
bandwidth at the detector input is minimum under this condition.
However, the noise bandwidth at the oscillator output is maximum
under these conditions. If the noise power at the detector input
would remain linearly related to the input IF noise power, this would
be the optimum point. This is not the case, however. There are
several factors which tend to increase the noise at the output of
the VCO. Time delay arocund the loop can give incoherence with the
IF signal at the mixer resulting in new noise components. At low
SNRIF, the cophase components of the noise, Xc, which at high SNRIF
contribute primarily amplitude variations, appear in the baseband
signal and thus phase modulate the VCO giving more noise components.
Cross products of noise from the VCO and from the IF input in the
mixer add additional components. Distortions, non-linearities,
imperfect limiting or amplitude rejection, and other practical pro-
blems add still more noise. Phase characteristics require that the
filters have only single poles. This leaves a considerable amount
of high frequency noise at baseband which should be removed. All
of these properties make it desirable to do additional filtering at
baseband.

The above discussion tends to indicate the presence of two
thresholds. One of thege is the previously discussed threshold
of the conventional demodulator. The other, called a closed loop
threshold, is caused by the various added noise sources mentioned
above. This threshold will obviously be minimum when C = O (see
curve Nl in Figure T) since this corresponds to a low pass filter
of zero bandwidth and then no noise (or signal) is fed into the VCO.
Logically, the lowpass filter bandwidth should be set so that the
two thresholds occur at the same SNRIF. The evaluation of the
theoretically optimum bandwidth would require the evaluation of a

number of covariances, a lengthy and complex procedure,
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This, as yet, has not been done. Much additional analysis
could be done on the FCFL Demodulator.

2.3 Phase Locked Loop (PLL)

2.3.1 Introduction to the PLL Demodulator

The phase locked loop, probably the most obvious approach to
predetection filtering, consists of an oscillator, phase locked
to the IF signal. It 1s designed so that the oscillator frequency
cannot be made to vary faster than the highest frequency of the in-
formation signal.

Figure 8 shows a block diagram of the phase locked loop.

Mixer

IF Sipnal In :,fég;ii

Low pass Control
Filter Signal &, | veo

IF Signal Out (Filtered)

Figure 8. Block Diagram of a PLL Demodulator

2.3.2 Discussion of the PLL Demodulator

The output signal from a phase locked loop is derived from =
voltage controlled oscillator with a center frequency equal to the

IF carrier frequency. A mixer or phase detector is used to obtain
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a voltage proportional to the difference between the VCO frequency
and the instantaneous frequency of the IF input signal. If this
error voltage is used to control the VCO frequency without the low
pass filter indicated in Figure 8, the IF output signal should be
essentially the same as the IF input signal, neglecting distortion,
tracking errors, etec. The maximum rate at which the VCO needs to be
varied for the passage of the signal is given by the highest fre-
quency in the information signal. If random noise is present on
the IF input signal, there will be spectral components higher than
this at the mixer output. These may readily be removed by a low
pass filter between the mixer and the VCO. If this is done, the
IF output signal will be at a higher SNR than the IF input signal.
For high SNRIF, a detected signal from the output would contain less
high frequency noise than & detected signal from the input prior to
baseband filtering. After baseband filtering, both detected signals
would have roughly the same SNRbb. However, the threshold for the
signal obtained by detecting the output will occur at a lower SNRIF'

Notice that the output of the PLL is an IF signal. If the VCO
frequency can be made to vary linearly with the control signal, a
baseband signal can be obtained by differentiating the control sig-
nal. This is generally not the case, however, and the VCO signal
is taken as the output. This signal may then be detected in a
conventional FM detector.

With the advent of new and better voltage variable capacitors,
a new generation of PLL demcdulatorsmay be in the making.

Much disagreement still exists on the analysis of the thres-
hold reduction capability of the PLL demodulator. A rigorous,
coherent analysis of the PLL demodulator, backed by experimentation,
is badly needed, since the PLL is one of the most promising tech-
niques for FM threshold reduction.
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Tracking Filter

2.4,1 Introduction to the Tracking Filter

The tracking filter, like the PLL, is a straight forward
approach to predetection filtering, It consists of a narrowband
filter capable of following the instantaneous frequency of the input
signal. Figure 9 shows a block diagram of a tracking filter of which
the output is a filtered IF signal.

Voltage or Current
Tungble Filter
~amanae FLILSL

IF Signal
IF Signal In > Out (Filtered)

Control
Signal

!
l Lowpass
| Filter
!

Phase
Detectg;

Figure 9. Block Diagram of a Tracking Filter

2.4.2 Discussion of the Tracking Filter

As pointed out earlier, an M signal plus noise can be represented
at a given instant in time by a single spectral component of a fre-
quency equal to the time derivative of its phase. This frequency
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will vary with time at a maximum rate given by the maximum baseband
frequency. Thus, any variations faster than the highest frequency
of the information signal, fm’ are caused by noise. If this spec-
tral = component is passed through a narrow filter, the output of

the filter will be in phase with the input only when the center of
the filter is of the same frequency as the spectral component. If
samples of the input andoutput signals are fed into a phase detector,
the phase detector output will be a voltage proportional to the
phase error with zero output when the filter is at resonance.

If the phase detector output is used to control the tunable
filter, without the lowpass filter indicated in Figure 9, the IF
signal out will be essentially the same as the IF signal in neglect-
ing time delays, ringing, etc. Since the maximum rate at which the
filter needs to be tuned for passage of the signal is fm’ no
frequenctes are desired in the control signal higher than fm. If
random noise is present on the input signal, there will be spectral
components of noise above fm in the control signal. These com-
ponents may be reduced by a lowpass filter between the phase detector
and the filter. If this is done, the IF output signal will be at
a higher SNR than the IF input signal. For high SNRIF, a detected
signal from the output would contain less high frequency noise than
a detected signal from the input prior to baseband filtering. After
baseband filtering, both detected signals would have roughly the
same SNRBB. However, the threshold for the signal obtained by
detecting the output will occur at a lower SNRIF-

The voltage or current tunasble filter would probably be a
single tuned circuit using either a current variable inductor or
a voltage controllable capacitor (e.g., a Varicap).

This technique, previously not feasible because of the non-
availabllity of reactive elements which can be electrically varied
at a sufficiently high frequency, is now deserving of further

analytical and experimental investigation.
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3.0 EXPERIMENTAL RESULTS

3.1 Tracking Filter

3.1.1 Tube Model

To verify the tracking filter concept, it was decided to design
and construct a tube model of the tracking filter. 1In order for
the phase detector to give zero output, its two input signals must
be in quadrature. To obtain this, it was decided to use a current
sample from the inductor in the filter rather than a voltage sample
from the output. The resonate frequency of the filter was controlled
by Varicaps, voltage variable capacitors made by Philco. (Philco
provided Varicaps up to 1,000 pf at & volts.) Figure 10 shows a
block diagram and Figure 11 shows a schematic diagram of the bread-

board model.

Varicap
Tunable
Filter
\\45333i\ Isolation Output
Amp. Amp. Amp. IF Signal
IF Signal In > /\\. i

A ‘
gurrint . Control
anp-e Signal
Phase : -
Input — Lowpass
Voltage Detector, g@ WD

}"ﬁﬁ Filter
Sample \\\ S

Figure 10, Block Diagram of the Tube Model of the Tracking Filter

(Model No. TF-1)
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The first stage is a low Q tuned amplifier. The input voltage
sample for the phase detector is obtained via a capacitive divider
at the output of this stage. The next stage drives the tank cir-
cuit and isolates the input voltage sample. The tank consists of

a high Q toroidal coil in parallel with two series Varicaps connected

back to back., The resonate frequency is changed by varying the
voltage between the Varicaps. The current sample is obtained from
a current transformer, enclosed in a Faraday shield, in series
with the toroidal coil. The final stage isolates the tank from the
output. A simple balanced phase detector is used to determine

the error between the resonate frequency of the tank circuit and
the instantaneous frequency of the input signal. The error voltage
is filtered, amplified, and used to control the Varicaps. For
simplicity, it was decided to use a s0lid state phase detector and
control signal amplifier. The model is shown in Figure 12.

Figure 13 shows the response of the system if the loop is opened
by disconnecting the control signal. The solid line is the error
signal from the phase detector. The other curve shows the bandpass
of the system when it is not tracking.

To demonstrate the tracking nature of the filter, a 1.5 mega-
cycle carrier was FM modulated to a 20 kilocycle deviation with a
10 kilocycle sine wave. Figure 1l shows the response of the model
to this signal. The top curve is the output of the filter and the
bottom curve is the control voltage. The amplitude modulation is
caused by an inherent tracking error and could be reduced by
increasing the loop gain.

Figure 15 deplcts the loss of lock caused by sweeping the fre-
quency too far. The signal used was a 1.5 megacycle carrier, FM
modulated to a 65 kilocycle deviation with a 300 cycle sine wave.
The top curve shows the filter output while the lower curve again

shows the control signal.
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IF Signal
In
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It was found that excessively high voltage was required across
the tank circuit in order to keep the current sample above the
Barkhausen noise inhérent in the current transformer. However,
large voltages made it difficult to keep the Varicaps properly
biased and thus gave a distorted output. It was therefore decided
to terminate tests on this model and begin design and construction
of a transistor model. The new model would hopefully operate at
lover signal levels in the tank, use samples from points which gave
less noise problems, have a higher loop gain, and kaﬂe provisions

for obtaining a narrow bandwidth (higher Q) tank circuit.

Transistor Model

Figure 16 shows a block diagram of the transistorized tracking
filter which was designed with the above points in mind.

Varicap
Tunable
Tank Circuit

Driver - Output

Amp. Q Amp.
— A k — Multiplier —

Control/Signal

Baseband
Amplifien

1 Phase

B — Shifter
@5

Phase
Detector

Lowpass
Filter

Figure 16. Block Diagram of Transistorized Tracking Filter
(Model No. TF-2)



- 33 -

The high Q tank circuit is obtained through the use of a @ multi-
plier. An operational tracking filter would probably not require

a Q multiplier, however, for experimentation, it was deemed desirable
to be able to obtain extremely high Q's.

Note that the phase shifter must be designed so that the phase
detector gives zero output when the tank is resonate at the input
frequency. In this way, it is possible to compensate for time
delays and phase shifts in the amplifiers.

Figure 17 shows a schematic diagram of the filter and Figure 18
shows the engineering model. The input stage is operated common
base so that the tank appears to be driven from a current source.
The tank again consists of a large toroidal coil in parallel with
two series Varicaps connected back-to-back. The Varicaps, by Philco,
are rated at 500 picofarads at 8 volts reverse bias. The Q of the
1 in the Q multiplier and R1 in
the tank circuit. Q's in excess of 1,500 were easily obtained using

tank can be adjusted by varying C

this scheme. The output amplifier consisted of a single emitter
follower stage. For the phase detector, a simple mixer was
selected. For the mixer to give the proper output, the phase
shifter must be designed so that its output is in gquadrature with
the input voltage sample when the filter is at resonance. Proper
design of the phase shifter could do more than match the quiescent
center frequency of the filter to the carrier. It could also result
in a compensation of changes in the amplifier phase shift with fre-
quency and reduction of the tracking error which is inherent in
any system of this sort.

It was decided to check out the filter first with the simple
R-C phase shifter shown in Figure 11.

With the control signal disconnected, the open loop response is
shown in Figure 19. The upper curve shows the filter response
while it is not tracking and the lower curve shows the error voltage.
Note that the error signal differs greatly from that shown in Figure
13, a much more desirable response. This deterioration is caused by
too little phase shift in the phase shifter.
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Figure 20 shows the closed loop response of the tracking filter
to a 1.15 megacycle signal, FM modulated to a 15 kilocycle devia-
tion by a LOO cycle sine wave. The top curve is the IF signal out
of the filter. Variations in the tracking error can be seen in
the form of amplitude modulation of this signal., The bottom curve
is the control or error signal. Recall that if the resonate fre-
quency of the filter varies linearly with the control voltage, the
baseband signal, in this case the LOO cycle sinewave, can be obtained
by differentiating the control signal.

Figure 21 shows the closed loop response of the filter as the
input frequency is linearly swept past its passband. The upper
curve is again the IF signal out and the lower is the control or
error signal., As would be expected from the open loop response,
the filter gradually comes into lock at the low frequency end and
abruptly drops out of lock at the high frequency end. The amazingly
linear response while in lock accounts for the very low distortion
of the error signal in Figure 20.

The next step in the development of a good tracking filter
would be to improve the phase shifter. Time did not permit this or
any other additional experimentation or analysis to be done with
the tracking filter. Although the tracking filter still looked

very promising, it was necessary to defer additional work on it.

3.2 FCFL Demodulator

An experimental model of the frequency compressive feedback loop
demodulator, the system which NASA expressed the most interest in, was
designed and constructed. A block diagram of this model is shown in Figure
22.



- 37 -

r.f. High Bandpass IF Limiter Frequency Lowpass
Amp., Gain Filter Amp. Discriminator Filter

_~_" + L

‘?

-

S < F
- Baseband
Arp.

V.C.0,

Figure 22. Block Diagram of the FCFL Demodulator Model

The loop must be designed for minimum time delay and maximum linearity to
minimize the generation of new noise components. Figure 23 shows a
schematic diagram of the model. All elements were kept simple to minimize
time delay. The mixer gave a conversion gain of 40 db. The IF amplifier
is an emitter follower, providing the low output impedance necessary to
drive the simple diode limiter. The frequency discriminator provides a
differential output and thus two lowpass filters were required, one from
each output to ground. The outputs of filters are used to drive a differen-
tial baseband amplifier. A single ended output is taken from the differen-
tial amplifier in such a way that the gain may be varied even at d.c., but
the quiescent output voltage will not change as the gain is varied. This
permits direct coupling of the single ended baseband amplifier stage to
the differential amplifier and then direct coupling the VCO to the single
ended amplifier. Thus an AFC has essentially been built into the loop.
The VCO uses Varicaps as the frequency determining elements.,

Figure 2k shows the engineering model of the FCFL demodulator.
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The FCFL demodulator that was constructed is capable of stable opera-
tion with up to 20 db of feedback around it. This can provide a modu-
lation index reduction of up to 10 to 1. The bandwidth compression capa-
bilities of the FCFL demodulator may be readily seen by comparing the
signal spectrum at the input to the loop to that inside the loop before
the discriminator. Figure 25 shows the spectrum of a typical sinusoidally
modulated input signal. Figure 26 shows the signal inside the loop after
compression, Comparison of the two spectral bandwidths of Figures 25
and 26 leads one to believe that if the loop bandpass filter were made
Jjust wide enough to pass the compressed signal, then an appreciable reduc-
tion of the noise bandwidth would be achieved. This would then result
in a signal-to-noise ratio improvement before the discriminator and the
desired threshold reduction would be realized. However, as discussed in
Section 2.2.2 and further in Appendix V, if the loop bandpass filter is
made just wide enough to pass the compressed signal, this will not
particularly reduce the noise bandwidth before the discriminator after
feedback is applied. Figures 27 and 28 illustrate the effects of feedback
on the noise bandwidth preceding the discriminator. Figure 27 shows the
open loop carrier-plus-noise spectrum at the discriminator input. Figure
28 shows the effects of a large amount of feedback on the noise spectrum
at the discriminator input. This increased bandwidth due to feedback is
still very much in evidence even after lowpass filtering in the loop.
Figure 29 shows the open and closed loop baseband response for two values
of loop bandpass filter bandwidth. The FCFL demodulator characteristies
presented in Figures 25 through 29 graphically illustrate the inherent
limitations of the FCFL approach to FM threshold reduction. While the
FCFL demodulator does provide a considerable reduction in the signal
bandwidth, it makes very inefficient use of this narrowband signal
because of the limited filtering possible inside the loop and the
loop bandwidth expansion inherent in all negative feedback loops. It
is obvious that the amount of threshold improvement predicted for the
idealized FCFL demodulator 1is not attainable. As a matter of fact, if
care is not exercised in the design of the FCFL demodulator, not only
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- Figure 27. Open Loop Carrier-Plus-Noise Spectrum
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will the IF signal-to-noise ratio at which the threshold occurs be
appreciably reduced, but the overall system performance may be deterio-
rated.

The linear tracking capability of the engineering model FCFL
demodulator is illustrated in Figures 30 and 31. These figures show the
open and closed loop responses respectively when the input signal is
linearly swept over 300 kc. The solid trace is the VCO input signal;
the other is the loop bandpass filter response to the swept input signal.
The abrupt rise at the low frequency end of the response in Figure 31
is caused by forward biasing of the VCO Varicaps. Under normal operation,
the loop operates only over a small portion of this characteristic.

Before performance data could be taken on the FCFL demodulator, it
was necessary to construct a baseband filter which would take advantage
of the FM improvement capsbilities of the loop discriminator. As illus-
trated in Figure 29, the single pole loop lowpass filter does not provide
a desirable baseband characteristic even under open loop conditions.

The response characteristics of the baseband filter, which is used
external to the loop, is shown in Figure 32, Its schematic is shown in
Figure 33.

It was also necessary to construct a 10 mc IF amplifier with the
capabllity of providing at least two different noise bandwidths so com-
parative data could be taken on loop performance. The test setup is
diagramed in Figure 34. Tt is necessary to make the input signal and
noise measurements at a point well isolated from the VCO signal or the
data taken will be adversely affected by oscillator feedthrough, especi-
ally at high SNR's. It is also desirable to take all data with the VIVM
at one point so that network corrections are not necessary as the VIVM
is moved about. For this reason, the SNRIF is measured at the'putput of
the 10 mc IF amplifier. This poses no problem for closed loop measure-
ments, for the noise bandwidth at this point is the desired one. However,
when teking open loop data, the noise bandwidth at the discriminator
input is determined by both the 10 mc IF amplifier and the loop Bandpass
Filter. It is thus necessary to determine a factor which will correct
the SNR, as measured at the 10 mc IF output, for the additional selectivity



Open Loop Swept Frequency Response

Pigure 31.

’

Closed Loop Swept Frequency Response
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afforded by the loop Bandpass Filter, in the open loop case. By making
comparative measurements at the two points, at low SNR, where the VCO
feedthrough is almost negligible, it was determined that the correction
factor was essentially the ratio of the 3 db bandwidths measured at the
two points.

A modulation index of 1.2 was chosen as the value at which compara-
tive SNR data would be taken. This represents a typical carrier modula-
tion index value for the Apollo data system as outlined in the Specifica-
tion for Signal Data Demodulator System (GSFC-TDS-RFS-226).

The objectives of the following data collection procedure is to
obtain accurate, true EMS values for the input RF carrier voltage and
the output baseband voltage. These gquantities must be measured without
noise or sufficiently above the noise so that they may be used to cal-
culate the reference input and output signal powers, respectively. It
is then necessary to obtain the true RMS noise output with an input
carrier and the true EMS input noise without carrier present over a
wide range of input noise power. The SNRIF 1s then 20 log of the ratio
of the RMS input carrier to the input noise and the SNRBB is 20 log
of the ratio of the RMS reference baseband output signal to the output
noise. The input and output signal and noise voltages must be measured
at the same points in their respective circuits so that these signal-to-
noise power ratios may be calculated without conslderation to the circuit
impedance levels.

The feedback loop was opened and the loop Bandpass Filter was set
at a 90 kc bandwidth. The FM Signal Generator was set to provide a 10 mv
FM signal at 10 mc, deviated 12 ke by a 10 ke sinusoidal baseband signal.
The Nolse Source Attenuator was set at maximum attenuation to provide
the highest possible input SNR. The output signal level was then
recorded from the Output VIVM for reference purposes. The modulation
was turned off at the FM Signal Generator for the rest of the measure-
ments. The Noise Source attenuation was next reduced until a noticeable
change was observed in the output noise and the output noise level was
recorded. The input signal carrier was then removed and the input noise

level was recorded. The input signal carrier was then replaced and the
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Nolse Source attenuation was reduced 1 db. This procedure was repeated
until data had been obtained well beyond the discriminator threshold.
The curve labeled "Open Loop (M = 1.2)" of Figure 35 shows a typical SNR
transfer characteristic as calculated from data obtained through this
procedure. Next, the loop Bandpass Filter bandwidth was reduced to 20 ke,
and the input modulation index was set at 0.6. The procedure was then
repeated to obtain the curve labeled "Open Loop (M = 0.6)" of Figure 35.
The loop was then closed and 12 db of feedback applied. The loop
Bandpass Filter was left at 20 kc bandwidth and the modulation index set
at 1.2+ A 10 mc, 90 ke¢ wide, tuned circuit was then inserted at the 10 mc
IF Amplifier output to provide essentially the same 60 kc noise bandwidth
at the input to the FCFL demodulator as was previously present at the
discriminator input in the open loop case. The above procedure was then
repeated and the curve labeled "12 db Feedback (M = 1.2)" was obtained.
To check agreement of the test results with the expression derived
in Section 2.1.2 for the SNR transfer characteristic of the conventional
demodulator, the test conditions are plugged into equation 16. The
baseband bandwidth is 12 ke for all tests. For a modulation index of
1.2, the IF bandwidth is 60 kc and for a modulation index of 0.6, it is

20 ke, The transfer relatiomship above threshold for these two cases are:

For M = 1.2

SNRbb(db) = SNRpp + 10.3 db
For M = 0.6

SNRbb(db) = SNR;p - 0.46 dv.

The cwrves labeled "Predicted" of Figure 35 are plots of these relations.
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4.0 CONCLUSIONS

A great deal may be concluded about the performance of a frequency
demodulator, and an FCFL demodulator in particular, from Figure 35. The
open loop data appears to agree relatively well with the predicted.
results, The SNRbb data is, in both cases, always less than the pre-
dicted., This is undoubtedly due in part to noise products generated in
the mixer. This assumption is born out to some extent by the fact that
the data approaches the predicted values as the SNR improves.

The open loop data also appears to verify the 10 db, conventional
demodulator threshold point predicted in Section 2.1.2, and the fact
that the threshold is the same regardless of the modulation index.

It was pointed out in Section 2.2,1 tizat the addition of feedback
to the demodulator should reduce the signal and noise by the same amount,
thus above threshold there should be no difference between the two. The
data of Figure 35 agrees very closely with this theory. The slight
difference observed is most likely due to a variation between the noise
bandwidth preceding the frequency discriminator in the open loop case
and the noise bandwidth into the FCFL in the closed loop case. The
variation noted in the slope of the two curves above threshold is most
probably due to additional noise products generated in the mixer when
the loop is closed.

The noise bandwidth at this frequency discriminator is 60 ke in
the open loop case and 20 ke in the closed loop case. From the idealized
FCFL model, the threshold improvement would then be predicted to be
approximately three-to-one or 4.8 db. The data of Figure 35 shows the
closed loop threshold to lie between 6 db and 7 db. This is an actual
improvement of only about 3.5 db. This inability of the FCFL demodulator
to achieve the improvement predicted from the idealized model is due, in
the most part, to the increased noise bandwidth inside the loop. The
threshold reduction capability of the FCFL demodulator could probably
be improved if a design criterion could be arrived at that would optimize
the loop bandpass and lowpass bandwidths for the amount of feedback used.
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The amount of improvement that could be gained by this optimization is
not expected to be very drastic. The threshold reduction in higher
modulation index systems employing greater amounts of feedback might be
expected to be much more dramatic. However, the amount of frequency
compression possible in the FCFL demodulator is a function of the amount
of feedback that is applied. Because of the delays inherent in presently
known limiter, discriminator, and voltage controlled oscillator circuits,
the amount of feedback it is possible to apply and still maintain an
unconditionally stable system is very definitely limited. This limit
appears to be somewhere in the vicinity of 20 db; and, at values above

15 db, exact circuit alignment becomes very critical to stability.

It is concluded from the investigation that the FCFL demodulator's
inefficient use of its compressed signal frequency spectrum, and the loop
stability criterion, place veryrestrictive limits on its threshold reduc-
tion capabilities. Predetection filtering techniques which are not so
susceptible to circuit delays and which could make more efficient use of
their bandwidth reduction capabilities, by keeping the control loop
outside the normal signal path, appear to have a great deal more promise.
Two possible techniques which seem to meet these requirements are the
Frequency-Tracked-Filter and the Phase-Locked-Loop which are discussed
briefly in this report. These techniques have an inherent advantage over
the FCFL demodulator in that they do not require nearly as complex cir-
cuitry and they are not plagued by the severe problem of noise bandwidth
expansion. They have an additional practical advantage in that they can
be inserted in an existing receiver system without major modifications
to the system. No experimental work was conducted on the FLL demodulator
in the course of this investigation. It is pointed out, however, that
with the advent of new and better Varicaps, voltage controllable capa-
citors, and the possibility of employing improved lowpass filtering
techniques could lead to a greatly improved generation of PLL demodulators.

Two rather crude models of the Tracking Filter were built, one
tube model and one transistor model. While preliminary tests indicated
that this technique showed great promise, lack of time made it necessary
to defer further experimentation. This technique, when perfected, would
have many applications in addition to FM demodulation.
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APPENDIX I - NARROW BAND FM NOISE

The noise at the input to an FM receiver can generally be assumed to
be "white," and thus a random stochastic process.

If this noise is passed through a narrow-band filter, it may be
treated as a narrow-band random process. Such a process is described by

the equation:
n(t) = V(t) cos [ w. b + o (t) ]

vhere V(t) and §(t) are random, slowly varying (as compared to wct) fune-
tions of time, the rate depending upon the bandwidth of the filter.
Expanding the above expression gives:

n(t) = V(t) cos w t cos §(t) - V(t) sin w t sin §(t)
Let:

v (t) = V(t) cos §(t)

{t) = V(t) sin (t)
Then:

n(t) = yc(t) cos w t - yq(t) sinw t

Since Y. and yq are random variables and can be considered to be sample
functions, the central limit theorem guarantees that they are normally
distributed.

Their independence can be proven by showing that their covariance,
cos (yc, yq), is zero.

This is[fggéisively covered by the literature; e.g., "Random Signals

and Noise,"
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The probability density function of Yo and yq can now be expressed as:

1 1 2 2
oy, v) = exp {- (r.“+vy )}
¢ Q 21t0'2 ;? ¢ q *

P(V, §) can be obtained directly from P(yc , yq) by transformation.

Vecosd OV sind

1 V2 . ov ov
P(V, ¢) = e exp { - ;;é' } vV cos ¢ W sin ¢
of o

vhere V 2 0 and 0 s ¢ = 2n,
Integrating P(V, ) with respect to V and ¢ gives:

2

P(‘b) = 'é]';; , B(v) = __V§ exp - ;Y-é} respectively.
o] o

Therefore:
BV, §) = B(V) P($).

V and Q) are thus statistically independent random variables. Note also

that V is Rayleigh distributed and § is uniformly distributed from O to 2.

I-2




APPENDIX II - DETECTION OF FM SIGNAL PLUS NOISE

Consider the IF signal input to the demodulator:

®
]

IF e(t) + n(t)

i}

E cos (wIFt +V¥) + V cos (wIFt + )

E cos (wIFt +V¥) + V cos (wIFt +¥) cos (v - ¢)
+V sin (uppt + V) sin (v - §)

Let:

X = Vecos (V- §)

X = Vsin (y- 9).

Then:

o
1

p = Ecos (wIFt +¥) o+ X, cos (wIFt +V) o+ Xq sin (wIFt + V)

1/2 X
2 2
[(E+Xc) +Xq] cos[mIFt+\y-tan E+ X, ].

If this signal is now amplified and clipped to give a unity peak amplitude
and then applied to a differentiator (or a frequency diseriminator) witha
unity slope factor, the resulting output will be:

e, = --<w &it"li]'wtvt'l-—-——xq
a = T Y CF | \§Tx/ |5 Wt + V- tan T (g

I1-1



If this signal is now applied to an amplitude detector and a baseband
filter, whose bandwidth is just wide enough to pass the baseband signal
and eliminate the DC term (wIF) » the demodulator output is obtained as:

(]
W

af, -1 X .
o at an E + X v

. X (E+X)-XX
A e’ " g%

(E+Xc)2 + X

II-2



APPENDIX III - MEAN SQUARE VALUE OF NOISE

Consider the noise signal:

X X X X
2q <1+__c_> . g
E E

E 2
n:
Xc 2 fg 2
Grs) + (3)
Let:
Y, = Vcos () = X, v =0
Vg = V sin (§) = - Xy ‘=0

vhere V and ¢ and statistically independent- Rayleigh and - uniformly
(0-2n) distributed random variables, respectively.

According to S. O. Rice's paper, [:8] the position of the threshold
and the baseband signal-to-noise ratio above threshold region are
affected very little by the presence of modulation. Above the threshold,
a modulated signal, in fact, yields slightly less baseband noise than an
unmodulated signal with the same IF signal-to-noise ratio. Therefore,

Ve and yq should be good approximations for Xc and Xé, respectively,
above the threshold. Keep in mind that yc = Xc and yq = -Xﬁ for an
unmodulated carrier.

III-1



Thus:

(fg . Yo¥g ch>
E o B
Y Y2 2
"'5*‘-%)
E

Expanding the numerator and applying the binomial expansion to the
denominator yields:

’ *2 2 _2
—— 2 ) 1 ]
7 [Zﬂ . 2yqyc_ yqycyq+yq Yo ‘25' ycuyy
B o) B B E
2,2 2 2 3
vy by 10y 2y 20y 12y y
+£‘7J7c‘—][1'Ec' eaiioe il sl ;
E B E E E
L L 2 4
bsy,t 3y ' bey vy 8oy
-'*—h. + %- hq + i +oo. ]
E E E E .
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The mean square value of a random function, in this case the noise, n,

is the expectation of the square of the function.

+c0

= u/\ nap(n)dn = Z(ne)

-0

2
n

vhere P(n) is the probability density function of n.

As shown in Appendix I, the joint probability of V(t) and ¢(t) is given
by:

2
PV, 4(8) ) = e V)
20

2102

v(t) 20 0 s ¢(t) son
Then:
o 2
n m
vy = [ L[) (v, vy ) BV, $) b av
L mn+l n m 2
- [ [ e o (0)) s 8(0) {_v <;)}d¢(t) av(s)
o o 2ng 20

Applying this integral gives:

— emeves o ssee—

y = = ¥y = ¥y =y yq all other odd moments = O
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yc = Yq = @
N
Yc = yq = o

2.2 _
Yc yq = 0

etec.

In Appendix IV, it is shown that:

<

1]
LY
n

"
Multiplying out the ¢ :s8ion for nd and substituting the above functions

yields;

L ]
n
=g
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APPENDIX IV - EVALUATION OF qu

As in Appendix III, yq will be used instead of Xq vhere:

y. = -X = V(t) sin ( §(t) )

We may represent yq by a Fourier Series:

(-4
-
Vg = Z (- & sin 2nf t + b, cos enfy t)

k:-oo

vhere a, and b, are independent, normally distributed variables with a

k k
zero mean and O variance.
Then:
(-]
. i
Vg = 2_. (2xf,) (- 8, cos 2nf,t - b sin 2nf,t)
k= =0



‘2 2, 2
2a ) (e (s
e 0
2 2

+ b, sin Qﬂfkt)

) (et )? (g2

k==

o0
el

2 2
24 (2nfk) I

k= ~ e

The same procedure gives:

o

Sr———

2 2 2
C = }: (ank) 0

— =00

g e

Thus:

V)

e
[}
d o
n

cos2 2nf,t + 2 a b cos Qkat sin Zﬂfkt

k

cos2 2nf. t + o 2

k k

k'k

sin® 2ﬂfkt)



Since the noise power can be assumed to be uniformly distributed across

the IF bandwidth, BWIF:

where 02 is the variance of the noise.

Since the output noise is limited to the baseband bandwidth,

P By s o Mob
Yo = f (2nf) o &f = f e
-Bi,

J‘t2 f202

BWIF

BW . :

bb

8:(2( By, ) 3,2

3(BH )



APPENDIX V

In an effort to determine the effect of the low pass filter in the
FCFL upon the noise bandwidth at the oscillator output and at the detector
input, the closed loop response was evaluated. This yielded the following
equations (Eq. (32) and Eq. (33) in the text, respectively):

<¢osc> - 1+ AP
-(F-;._n-norm [(1+AB)-1-J;<?%>2]+J(1+%)f

Jro

b (1+A6)<l+j —3)
(32 ) - .

ai- [(1+AB)-%<§§>2]+3(1+%)-;;

n

Using an IBM 1620 computer, the phase and magnitude curves for these two
expressions were evaluated for several k's and AB's. These curves are
shown in the following ten graphs.
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